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Optimal sunny selections of metric projections onto balls are determined for
the normed spaces C,(Q) {1 <p< ) and LY(Q, ), and their optimal Lipschitz
constants are computed. Moreover, the uniqueness of the optimal sunny selection
is proved for the Banach space ((Q). " 1995 Academic Press. Inc.

1. INTRODUCTION

Let X be a real normed vector space of dimension greater than 1, and
let C be a nonempty closed convex subset of X. Denote by #: X — 2¢ the
metric projection onto C,

Plxy={zeC: |x—z|= m{ lx—y]}. (1.1)

In general, it is possible that :# is a multivalued mapping which is defined
on a proper subset of X. Define the optimal Lipschitz constant of 2 by

K, (X)=inf Kp(X),

where the infimum is taken over all selections P of :# and K,(X) is the best
Lipschitz constant of P defined by

Px — Pyl
Kp(X)=sup {ﬁ:x;ﬁy}.

Further, a metric selection T of # is said to be optimal if K;(X)=K ,(X).
If Cis equal to the unit ball

B={xeX:|x|| <1},
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then the radial projection

Ry — {\‘/ Ixll.if x¢B, (1.2)

X, if xeB,

is a selection of the metric projection # defined on X such that
I < Kp(X)} <2 It was proved by de Figueiredo and Karlovitz {8] and by
Thele [ 18] that identities K (X ) =1 and Kx(X)=2 hold if and only if the
Birkhoff’s orthogonality is symmetric (this is equivalent to X being an
inner-product space, whenever the dimension of X is greater than 2), and
iff X is not uniformly non-square, respectively. Moreover, several other
properties and estimates of K4(X') were established in [3-6, 9, 10, 14, 15].
Note also that optimal selections have applications in investigating the
minimal displacement problem, retraction problem onto spheres [11, 127,
and Fan’s approximation principle for nonexpansive mapping [7, 14]. For
example, it has been proved in [ 14] that there exists an optimal selection
T of the metric projection onto the unit ball B of the Banach space L™
with the Lipschitz constant equal to 1, which enabled us to extend Fan’s
L>-approximation principle [ 7] as follows: For every nonexpansive mapping
£ B— L7, there exists x € B such that

| £x— x| = inf | Fx— .
In particular, Thele’s result implies that K (C(Q)) = 2. where C(Q) is the

Banach space of all continuous real valued functions on a compact
Hausdorff space Q equipped with the uniform norm

Ixl=1lx] . = sup[x(s)].
ye

On the other hand, Goebel and Komorowski [ 12] observed that the mapping
T: C(Q)— B, defined by

(Tx)(s)=max{—1, min{1, x(s)}}; xeC(S), seQ, (1.3)
is an optimal selection of the metric projection # onto the unit ball
B, ={xe{Q): |xl. <1},

which has the best Lipschitz constant K(C(Q)) equal to 1. This optimal
selection was applied in [ 11, 12] to construct retractions of C(Q) onto the
unit sphere with better Lipschitz constants than the constants which could
be obtained by using the radial selections. In view of inequality (2.6) with
p =2, the selection T of # is called the orthogonal projection (selection).
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In Section 2, we prove that the orthogonal projection T is also an
optimal selection of the metric projection #: C,(Q) — 28 (C=B_in(1.1))
which has the best Lipschitz constant K;(C,(Q)) equal to 1, whenever
1< p<ooand C,(Q) is the vector space C(Q) with the L7-norm

lp
Il = (jQ |x|ﬂdu> : (14)

where u4 denotes a positive Borel measure on Q. Moreover, we show that
the optimal selection T of the metric projection 2. C(Q) — 2%+ is unique in
the class of all sunny selections P of #.

In Section 3, we use orthogonal projections to determine the optimal
selections and compute the optimal Lipschitz constants for the unit ball B,
of the real Banach space L'(£, i) of all u-integrable functions (equivalence
classes) on 2, where (£, u) is a positive measure space. In this case, by
Thele’s result we have again Kg(L'(£2, 1))=2. However, the optimal
L'-case is completely different from the optimal C(Q)-case. For example, we
prove that K (L'(2, 1)) <2 if and only if L'(£2, x) is a finite dimensional
space.

2. OpTiMAL SELECTIONS IN C,( Q)

Throughout this section, we assume that 7 is the orthogonal selection of
the metric projection Z: C(Q)— B, . By (1.3) we have

where sgn a=a/|a| if a #0, sgn 0=0, and
M(x)={seQ:|x(s)|>1}. (22)
Hence we get
Q\M(x)=Z(x—Tx):={seQ:x(s):Tx(s)}. (2.3)

Recall that a selection P of the metric projection 2: C(Q) — 2%+ is said to
be sunny {13] if

Px, =Px (2.4)
for all xe C(Q) and a >0, where

xy=ax+ (1l —a) Px. (2.5)



SUNNY SELECTIONS FOR METRIC PROJECTIONS 443

THEOREM 2.1.  The orthogonal projection T is an optimal selection of the
metric projection 2. C,(Q) — 2%« for 1 < p< oc. Moreover, T is sunny and

14
Proof. The inequality

la—sgnal <|a—b|

holds for all real ¢ and b such that |¢| = 1 and |b| < 1. Hence one can insert
a=x(s) and b= y(s), and use (2.1)-(2.3) to get

[x(s) — Tx(s5)] < |x(5) — y(s)]

for all seQ, xeC(Q), and yeB,. This in conjunction with the
monotonicity of the norm (1.4) yields

(2.6

Hx_ TYH[) < Hx—pr

for all ye B, , ie., T is a selection of the metric projection #: C,(Q) - 2%~
Similarly, one can apply (2.1)-(2.3) together with the inequalities

\sgna—sgnb|<la—bl;  lal, bl =1,
and
la—sgnb|<la—bl;  lal <L, || 21,
to obtain
(Tx—=Tyll, < x~yl,

for all x, ye C(Q). Since Tx=x on B_, it follows that T is optimal and
K (C,{@))=1.Since T is identical with the single valued metric projection
of the inner-product space C,(Q) onto the convex subset B_, it follows
that 7 is sunny {13, 17]. This completes the proof. |

In the following, the symbol | -|] denotes the uniform norm ||-|| .. . Since
Rx belongs to #(x), it follows from (1.2) that

[l — Px]l = |x — Rx[ = ||x[| — 1 (27)

for all xe C(Q)\B. and Pxe #(x). Now, we can establish the main result
of this section.

THEOREM 2.2. A sunny optimal selection P of the metric projection
P C{Q) - 25 s unique, ie, P=T.
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For the proof, note that the sunny optimal selection P satisfies (2.4) and
the following characteristic inequalities:

lx—Px|<lx—yl. yeB,.
and
IPx—Py|<lx—yl;  xyeC(Q). (238)
Moreover, denote
E(x)={seQ: x(s) = xI|}.

Since Q is compact, the set E(x) is nonempty for every xe C(Q). Addi-
tionally, we have

Px(s)=sgn x(s), (2.9)

whenever se E(x) and |x||>1. Indeed, by (2.7) and the fact that
|Px(s)| <1 we obtain

x| — 1= |x— Px|| = |x(s) — Px(s}] = |x(s)] — Px(s) sgn x(s).

Hence Px(s) sgn x(s) = 1, which gives (2.9). In the following three lemmas,
it is assumed that P is a sunny optimal selection of #: C(Q) — 25,

LEmMMA 2.1. If |x||>1 then E(x)= E(x — Px).
Proof. If se E(x) then by (2.7) we have

Ixl = 1=llx — Px|l = [x(s) = Px(s)] = |Ix]| — L.

Hence we get E(x) € E(x — Px). For an indirect proof of inclusion E(x) =
E(x — Px), we assume that s e E(x — Px)\E(x) and |x(s)| > 1. Then one can
use (2.7) and the fact that |Px(s)] <1 to get

[x(s)| — Px(s) sgn x(s)=|x(s) — Px(s)| =||x]| — 1. (2.10)
Next, we define y e C(Q) by

L—;lx(f—nsgn x(u), if | x(u)}] = |x(s)],

)= Il = Ix(s)] ()

R otherwise.
2 |x(s)|

x(u) +
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If |x(u)| = |x(s)| then we have
|p()| = (xll + [x(s)])/2
and
|x () — p()| = | |x(u)| = Chxll + |x()])/2] < Clxlf = 1x(s)])/2.
Otherwise, we have
| ()] < Jx(e)] + (xl = 1x())/2 < (el + 1x(s)])/2
and
|x(u) — y()| < (llx]l = [x(s)])/2,

where the last inequality can be replaced by the equality for u=s. Hence
we obtain

¥l = 1y(s)f = (lxll + [x()])/2> 1 (2.11)
and
llx = »ll = lxll — 1x(s)])/2. (2.12)
Therefore, by (2.9) we get
Py(s) = sgn y(s) = sgn x(s).
This together with (2.10) yields
[Px — Py| Z [[ Px(s) — Py(s)] sgn x(s)| = llx|| — |x(s).
Since s ¢ E(x), it follows from (2.12) that
[ Px—Py| > |lx =yl
which contradicts (2.8). Thus we have
|x(s)] = [ x]l, (2.13)

whenever xe C(Q) is such that se E(x — Px) and |x(s)| > 1. Finally, if
|x(s}| <1 and s € E(x — Px), then (2.7) gives

|x(s) — Px(s)| = |lx|| —1>0.
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Hence |x,(s)| = oc as a — oo. Choose a >0 so large that |x,(s)| > 1. Then
(2.4) and (2.5) yield

|xXa(8) — Px,(8)] = a|x(s) — Px(s)| = o ||x — Px|| = [|[x, — Px,]. (2.14)

Thus s e E(x, — Px,), and we can apply (2.13) to get [x,(s)| = | x,|. Hence
one can use (2.4) and (2.9) to derive

Px(s) = Px,(s) = sgn x,(s) = sgn[ x,{s) — Px,(s)] = sgn[ x(s) — Px(s)]
and
0 < |x(s) — Px(s)| = [x(s) — Px(5)] Px(s) = x(s) Px(s) — 1 <0.
This contradiction completes the proof. ||
LemMma 2.2, If x| > 1 and 2 =0, then we have
X =alxll + 1 —a
Proof. Take an element se E(x), and use (2.9) to get
lxall 2 | ()] = Jax(s) + (1 —a) sgn x(s)| = [lx] + 1 —a> 1.

Hence, as in (2.14), we conclude that se E(x, — Px,). Thus Lemma 2.1
gives |lx,| = |x,(s)], which completes the proof. |

LEMMA 2.3. We have sgn[ Px(s)] sgn x(s) = 0.

Proof.  Without loss of generality, we assume that || x| > 1. If the desired
inequality does not hold, then we have

sgn[ Px(s)] sgn x(s)=—1 (2.15)
and
— 1< —|Px(s)] = Px(s) sgn x(s) <0. (2.16)
By Lemma 2.2 and (2.5) it follows that
0 < |ix, | +x.(s) sgn x(s) = 1 — | Px(s)|,
as o — 0. Therefore, one can find a positive a <1 which is so small that

0 <(llxall + x,(5) sgn x(s))/2 <1
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and

sgn x . (5) = sgn Px(s).
In particular, the last identity in conjunction with (2.15)~(2.16) yields
Px(s) sgn x(s) = — | Px(s)| < —|x,(5)] = x,(8) sgn x(s). (2.17)
Next, define y in C(Q) by

[lx,ll sgr x(s) + x,(s)
2 y
x|l sgn x(s) — x.(s)
3 ,

if ueA,
y(u)y=
x (u)+

otherwise,

where
A={ueQ:x(u)sgnx(s)=x(s)sgn x(s)}.
If ue A then we have
|W(u)] = (lx,ll + x,(5) sgn x(s))/2
and

xall = xufs) sgn x(s) Il x(s) sgm x()

< x,(u) sgn x(s)

2 2
< fxall —x,(s) sgn x(s)'
2
Otherwise, we get
el +Xa(2S)Sgn X(S)gxa(u) sgn x(s) + [l —Xa(;) sgn x(s)

< x4l + xm(;) sgn x(s)

and
[x,(0) — p(20)] = (flx, || — x.(s) sgn x(s))/2.
By the first and third inequalities we obtain

¥l = Clx,Jf 4 x,(s) sgn x(s})/2 < 1.

640/82:3-9
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Similarly, the second and fourth inequalities yield
1Xa =yl = (lx,]l — x,(5) sgn x(s))/2.
Hence it follows from the strict inequality (2.17) that

[Py — Px,|| = [ y(s) — Px(s)] sgn x(s)

_ Il + x,s) sgn x(s)
2

— Px(s) sgn x(s)

- Xl — X,(5) sgn x(s)

5 =iy =x.l,

which contradicts (2.8). |

Proof of Theorem 22. In view of (2.1), we have to show that
Px(s) = sgn x(s), if |x(s)| =21,
and
Px(s) = x(s), if |x(s)] <L
First, assume that
Px(s)# sgn x(s) and Ix{s)) = 1.
Then by Lemma 2.3 we derive
0 < Px(s)sgnx(s)<1 and [Px(s)| < 1.
Since we have

x,(s) sgn x(s) =a{x(s) — Px(s)) sgn x(s) + Px(s) sgn x(s)
= [x(5) — Px(s)| + Px(s) sgn x(s)

> Px(s) sgn x(s) =0,
it follows that

sgn x(s) =sgn x,(s) and |Px(s)] < |x,(s)],

whenever a > 0. Moreover, by Lemma 2.2 and (2.5) we obtain |x

and x,(s) — Px(s), as «— 0. Hence there exists x > 0 for which

(Ixall + x4(s) sgn x(s5))/2 < 1.

(2.18)

1

(2.19)
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Now define y, e C(Q) by

x4l + 1x4(s)|

3 sgn x,(u), i |x,(u)] = [x,(s),
Yalu) =
x (u) +M Xa(4) s otherwise.
2 |, (5)]

Since y, is defined exactly as the function y in the proof of Lemma 2.1, it
follows from (2.11) and (2.12) that

1yl = (xall + |xa(s)])/2
and

(x5 = yall = (lx,ll = lx.{$)D/2.
This in conjunction with (2.18) and { v/l <1 (see (2.19}) yields
[Pxy— Py, Il 2 [ yuls) — Px,(s}] sgn x,(s)
_ Xl + (9]

5 — | Px(s)]
>M'|-+2—|\—u(_s')l_ 'xfx(s)[ = “xa _ya"#

which contradicts (2.8). Therefore, we have
Px(s)=sgn x(s), (2.20)

whenever |x(s)| = 1. Finally, suppose that

Px(s) # x(s) and |x(s)] < 1.
Then we have

|x,(s)] >1 and sgn x,(s) = sgn{x(s) — Px(s))

for sufficiently large « > 0. Hence, by (2.4) and (2.20), we derive

[Px(s)] = |Px,(5)] = |sgn x{s)| = L.
Next, we apply Lemma 2.3 to get

0 < sgn(x,(s5)) sgn(Px,(s)) =sgn(x{s) — Px(s)) sgn Px(s)
= —sgn(Px(s)) sgn Px(s)= —1,

which leads to a contradiction and finishes the proof. [
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3. OPTIMAL SELECTIONS IN LY, i)

First, we are going to construct the orthogonal selection onto the closed
unit ball B, in the Banach space L'(Q, 1) of all real valued u-integrable
functions (equivalence classes) defined on a positive measure space (€2, i)
and equipped with the norm

x) = jﬂ || du.

For this purpose, we need the following elementary properties of the
nondecreasing function

Sy =] min{ixl, o} du, 10,

where xe LY(Q, u).

LeEmMMA 3.1. The function f is a nondecreasing concave continuous function
such that f(0Y=0 and f(t)— | x}, as t = oC.

Proof. If |x(s)| = At, +(1 —A) £, and 0 <A< 1, then we have
min{ |x(s), A, + (1 —2) t,}
=i, +(1—-4)¢t,
> Amin{[x(s)], ¢,} + (1 —4) min{ [x(s)], ¢2}.
Otherwise, we have
min{ |x(s)|, At, + (1 — 1) 2,}
=4 |x(s)] + (1 = 2) |x(s)]
> Amin{|x(s)}, £,} + (1 — 2y min{|x(s)], £2}.

By integrating these inequalities, we conclude that f is concave, and hence
continuous on (0, co). The functions

g.(s) =min{|x(s), 1}, seQ,

belong to L'(£2, 1) and g(s) |0 pointwise, as ¢} 0. Hence the Monotone
Convergence Theorem [ 1] implies that

S =] gdu=fO)=0. as 110,
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1e., f is also continuous at ¢t=0. Finally, to compute the limit of f at
infinity, note that f{r) = ||x||, whenever x is bounded almost everywhere on
© and ¢ > |x| almost everywhere on . Otherwise, it follows that

0<|x(s)| —g )10 almost everywhere, as 7 oo.

Hence one can apply the Monotone Convergence Theorem to get f(7) —
x| as ¢t — oc, which completes the proof |

By Lemma 3.1 the equation
L)min{lxl,t} di= x| — 1 (3.1)

has the unique solution r=#(x)>0 for each xe L'(Q, ) with |jx| > 1.
Note that this equation can be rewritten in the following equivalent form

j x — tsgn x| dyu = 1, (3.2)
A (x)

where
A(x)={seQ:|x(s)| =1}. (3.3)

Now, let +=1t(x)>0 be the solution of equation (3.1), where xe L'(, u)
and ||x| > 1. Then we define the mapping T by

x(s) — tsgn x(s), if sed,(x),

4
0, otherwise. (34)

Tx(s)-——{

Moreover, we put
Tx =X, (3.5)

whenever [lx|| < 1.

By (3.2) and (3.4) it follows that | Tx| =1, i.e, T is a projection onto the
closed unit ball B,. If xe L'(Q, u) ~n L*(Q, u) and | x|| > 1, then (3.2)-(3.4)
yield

Jg(x— Tx)(Tx—y) du

Aglx)

= —J xydu + J tsgn(x)(x—tsgn x —y) du
Q\A(x)
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= —J Xy d,u+tf |x —tsgn x| du
2\A4,(x)

A x)

—tj ysgn x du
A x)

2,_,@ o+ | |y[d/1>=l(1—HyH)20,
QN\A(x) A(x)

whenever ye B, n L*(Q, u). By the well-known characterization of best
approximations in an inner-product space by elements of convex sets, it
follows that Tx is a best approximation to x by elements of the unit ball
B, n L*(£, ) in the inner-product space L'(Q, u) n L*(, 1) with L*-norm.
Therefore, the projection T: L'(£2, u) — B, is called the orthogonal projection.
Clearly, its restriction

T:LY(Q, u) nLAQ, 1) — B, n LA, y) (3.6)

is sunny.

THEOREM 3.1.  The orthogonal projection T is a selection of the metric
projection . LY(Q, u) — 25

Proof. By (3.2)-(3.4) we have

lx — Tx| =_[ |x| du +J tdu

Q\A;(x) Ad(x)
=J Ix| d,u—f |x— tsgn x| du
Q Al(x)

=[xl =1<lx—yl,

whenever |x|| > 1 and y e B,. This completes the proof. §

An explicit formula for the orthogonal selection can be given in the
special case of the Banach space /! (n >2) which consists of all real n-tuples
x=(x{, .., X,) equipped with the norm

Ixl= 3 Ixl.
k=1

For a given x €/} with ||x}} > 1, let m{x) = (m,, ..., m,) be a rearrangement of

Q={1,.,n}
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such that
Ixm|| 2 |xmz’ 2 e Z I'\.m,,l' (37)

Moreover, let r=r(x) be the largest integer for which

rlx, = Y el =1, (3.8)
ieA
where
A=A(x)={m,, .., m,}. (3.9)
Then by (3.7) we have
rlxel = Z x| —1, keA, (3.10)
ieA
and
rixed < Y Ix|—1, ke Q\A. (3.11)
ieA

Indeed, if (3.11) is not satisfied, then we obtain

(r+Dix,, 123 |Ix|—1+]x,,. I
ie A

which contradicts the definition of r. In the following, we denote

Tx = ( TX'l s eens TX,,)

1
for xel).

COROLLARY 3.1. The orthogonal selection T of the metric projection
#:1)— 25 is given on I]\B, by the formula

. x| -1
xk—ZﬂJ—L—-sgnxk, if kedA,
Txk= r

0, if keQ\A,

where r =r(x) and A = A(x) are defined by (3.7)—(3.9).

Proof. Let u be the counting measure on Q= {1, 2, .., n}, and let

f=< Z [x;| — 1)/“})‘.
ieA !
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Then ¢ satisfies equation (3.2). Indeed, by (3.10) and (3.11), we have t >0
and

Z |xy — tsgn x, | = Z (Jx =) =1,

ked keA

which completes the proof. |

As in the case of C(Q) space, the orthogonal selection T:/}— B, is
optimal.

THEOREM 3.2.  The orthogonal projection T is an optimal selection of the
metric projection #: 1} — 28 Moreover, T is sunny and

Kr(l)=K,(l,)=

21
—.

For the proof we need the following two lemmas.

Lemma 32. If x=(1/n—1), ., 1n—=1)) and y=(1jn—1),..,
1/(n—1), 0) are elements of 1}, then we have

2(n—1)
n

ITx =Tyl = loe = 1.

Proof. Since ||y| =1, we have Ty =y. Moreover, we have r(x) =n and
A(x)=£ in (3.8) and (3.9). Hence, by Corollary 3.1, we get

1
T‘.xkz_, k: ], ey M.
n

Therefore, we have

2 1
ITx=Ty|=> and  |x—yl=——,

which completes the proof. ||

LemMa 3.3. The inequality

1Tx - Ty < 2=V

lx =yl

holds for all x,yel).
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Proof. Let x and y (||x|| > 1) be arbitrary elements in /!. Without loss
of generality, we assume that coordinates of x (and y) are arranged and
their signs are changed in such (the same) way that

X1 2X2 - 2x,20 (3.12)
Note that
A=A(x)={1,..,r}
for some r (1 <r<n), and that
Tx, 20, keA, (3.13)

which follows immediately from (3.10) and Corollary 3.1. Moreover, we
have

DA s"——;rd, (3.14)

k=r+1

where d= || x|| — 1 and the left hand side is equal to 0 for r = n. Indeed, by
taking the sum of inequalities (3.11), we derive

roy |—\’k|<(n—")<i |X,-|—l>.
k=r+1 i=1

Hence we get

noy lxk|<(n—r)< Y |x,.|—1>,

k=r+1 i=1

which finishes the proof of (3.14). We denote by a = card B the number of
elements of the set

B=lked:Tx, =y}

Note that « = 1, whenever ||y| < 1. Indeed, if B=¢ then, by (3.13) we get
Ye>Tx, 20 (k=1,..,r) and 12| yp| > |Tx{=1, a contradiction. Now,

denote
t=< i x,-—l)/r,
i=1

and suppose first that | y| < 1. Then apply Corollary 3.1 together with (3.5)
and (3.12)-(3.14) to get

640,82/3-10
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[Tx =Tyl ={Tx—y|

=Z(-\‘k—f‘yk)+ Z (Vi— X+ D)+ Z [y

ke B ke A\RB k=r+1
:{Z(xk_yk)_*_ Y (ve—x)+ Y (D"kl_xk)j|
keB ke A\B k=r+1
+ Z Xy — “<d— Y x,\.>+r_a<d— Y xk>
k=r+1 k=r+1 r k=r+1
|\c—1ll+<1 >d+~— Z Xy
r k=r+1
2 2
|}r——y||+<1——a>d+ 1
r n
2o
—hx=pl+ (1= (s - 1)
i

Hence we derive
ITx — Tyl < [x—ypl,

whenever n < 2a. Otherwise, we have

20
ITx—Ty| < lx—yl +<1 ——> x =yl

R TN =)
n h

which completes the proof when ||y} <1

Thus it remains to consider the case when |y||>1. Without loss of
generality, x and y can be interchanged. Therefore, in addition to (3.12), we
assume that

z Xz Z {yd, (3.15)
icA icA

where A=A,0A,, A,—A(\)—{ .}, and the set A,=A(y)=
{my,..m,} with p=r(y) is defined by formulae (3.7) and (3.8), in which
x is replaced by y. Denote

C=A4,nA4,, D={keC:Tx, =Ty},
o =card D, di=Y x;—1, and d,=) |y|-1

ie A ie Ay
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Then we have C={m,, .. m }, 0<a<g<min{p,r}, A\A, =A4,\C, and
AN\A,= A ,\C. Since inequalities (3.11) give

rx, <d, for keA\C,

we get
r Z -\'k<(l’_(”d1:(l’_‘])<zxk'l_ Z -\'k>~
ke AN\C ke Ad ke A\A

Hence we have

no Z xkg(nn‘r)clw (316)

ke ANC

where n,=r+p —¢ and

c, = Z xk_l:d1+ Z Xy (317)

ke ke A\A)

Similarly, we use inequalities
plyel <d, for keA\C,

in order to get

n, ¥ v <n,—p)es, (3.18)
ke ANC
where
=y dwdl—l=dy+ Y |l (3.19)
ke d ke A\NA2

Now, by Corollary 3.1 we obtain

d, ds
Xp———YVi+—sgny,
r p

ITx—Tyl= ¥ (xk—flri>+z

ke ANC keC

ke ANC




458 HSIAO AND SMARZEWSKI

d
= Z (e = [yel) + Z |J"k|‘("_‘I)Tl

ke ANC ke AN\C
d d
+ Z (-’Ck_)'k)—a_l+ Z —25‘8’1}"/\»
keD ke D
+ Y e—x)+ ) <~——sgnyk>
ke C\D kecxp NT P
d

+ Z (Iyel —x0) + z x,—{(p—q)

ke ANC ke ANC P

If ke C\D, then it follows from (3.10) that

d7 d‘)
0<TYk<Tyk=<|ykl_;-> SEN Yy and 'ykl_jp:">0~

Hence we have
sgny, =1 for ke C\D.

This in conjunction with (3.16)-(3.19) yields

d d d,
ITx—Ty|< Y Ixe—wl+ L Indl—(r—g)——a—+a=2
ked ke AN\C r r P

d') d';

+(gq —a)(——~>+ 2 N~ (p—q)—

14 ke ANC r

d,
H’C—VH-F (2g=20—r)+ Y x,

ke ANC

—(2a —p)+ Y |wd

ke AN\C

=|x—y H+ (2q— 2a—r+ S (r+a—gq) Y x
ke A\C

Cs 2
_.:2 — — _
+p{<x p)+p(p a) Y gl

ke A\C

n,—r

4 2c
<fx—vyl +71(2q—2a—r)+71(r+a—q)

o




SUNNY SELECTIONS FOR METRIC PROJECTIONS 459

To complete the proof, it remains to show that

r+2x—p—gq

-2
(c2— ) <= x—yl. (3.20)
n, n

Note that 1<n,=r+p—¢g<n Moreover, by (3.15) we have ¢, =c;.
Hence the inequality is true when r + 2a — p — ¢ > 0. Otherwise, by (3.17)
and (3.19) we get

CI‘CZZZ o=y <lix =yl (3.21)
ie A
Additionally, the inequality
pt+q—r—20=2(p—a)—n,<n,—2 (3.22)
holds if and only if
p—a+1<n,.

The last inequality is obvious when p <n,. Otherwise, we have n,=p>
g=r, and so

C=A4,={1,.,r} and Ay ={1 o orm g, m,)

This in conjunction with (3.13) and Corollary 3.1 yields

r

Y Tx=Tx|=1= Y [Ty, |2 Y, [Tyl
k=1

ke A k=1

which is possible only when Tx, > Ty, for some k& with 1 <k <r. This
means that D # ¢, ie., x 2 . Hence the inequality p —x + 1 <r_, is also true
in the case when p = n,, which completes the proof of (3.22). By (3.21) and
(3.22), the proof of the first inequality in (3.20) is completed. |

Proof of Theorem 3.2. Let T be the orthogonal selection of the metric
projection #: ! - 28 Then the sunny property of T follows immediately
from (3.6). Moreover, by Lemmas 3.2 and 3.3 we have

Koty =201

Hence it remains to find an element xe/!\B, such that, for every
== Px e #(x), there exists y which satisfies || y|| =1 and

2(n—1)
Iz =y 2Ty =yl ==——lx~yI. (3.23)
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For this purpose, put

1 1 . 1
.\‘:< >€l,', and  y'=x-— e

n—1"n-—1

where e, is the unit vector in /! with its ith coordinate equal to 1. It is clear
that | y’|| = 1. Moreover, by the proof of Lemma 3.2 we have Tx, = 1/n for
k=1, .., n. Hence we easily compute that

1
n—1

2 .
1=yt =- and  [lx—p'| = (3.24)

which proves the identity in (3.23) for y =y’ (i=1, .., n).

To construct the required y, note that the assumption : e #(x) implies
that z,20, [z =1, and ;> 1/n for some je 2={l, .., n}. Moreover, we
denote

Ay =Q\ANAN

where
A {'EQ\{ 1 <1} and A4 {'E.Q\A \{j} 1< <!
={i iz, K- d s =41 <z < .
1 .] i " 2 1 j n i n—l
If we put ¢;=card A, (i=1, 2, 3), then we get
citete+l=n i+ ) z,=1— Y =z,
ie A3 ie Apw A
and
Cy 1
oo+ +-< Y o+ Y zt+z=1
ie Ay v Al l n ie Ay v Ax ie Az
Hence it follows that
eyl =24 T |z —
’ i) " on-1
1 1 1
=7z -z 2 4 z,—
’+,§“<n—l '>+,§12<n—1 '> ,EZA;<' n~l>
C1+Cr— 0,
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—-1-2

B S Ll 2

iedlwAs n—1

2 -
=_+2<1_ 5 _,.,,__L_l>>3
n ie Ao ds n—1 n/ " n

This together with (3.24) gives the inequality in (3.23) for y = /. Hence the
proof is finished. |

Now, we show the optimality of the orthogonal selection T of the metric
projection #: L'Y(Q, u) — 2% in the case when the Banach space L'(Q, u) is
infinite dimensional. Since Tx e #(x), we have

flx— Tx| < flx—yi

for all y € B,. By the triangle inequality and the fact that Ty =y, it follows
that

ITx—Ty| <2 llx—~yl, (3.25)

whenever x, ye LY(Q, y), lIx} > 1, and | y) < L

THEOREM 3.3. Let the Banach space L'(82,u) be infinite dimensional.
Then the orthogonal projection T is an optimal selection of the metric projec-
tion 2: LMK, u) — 2%, Moreover, T is sunny and

KLY Q1)) =K ,(LY(Q, 1)) =2.

For the proof, recall that ¢ =(x)> 0 denotes the unique solution of the
equation

L min{ |x, £} dy = x| ~ 1, (3.26)

whenever x| > 1. Moreover, extend #(x) to the unit ball by setting
tHx)=0, xeB,. (3.27)
Then the orthogonal selection can be written in the form
Tx = (x — 1{x) sgn(X)) ¥ 4051 xeLY(Q, u),
where y 4., denotes the characteristic function of the set
A(x)={se R |x(s)] = t(x)}.

The function x — #(x) has the following nice properties.
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LemMMa 3.4. The function x — t(x), xe L', u), is a convex continuous
Sfunction which satisfies

0<u(|x])=tx)<ty),

whenever |x| <1y

Proof. Note that the constant #(x) is integrable on A4(x), and so
u(A(x)) < oo, whenever ||x|>1. Now, suppose that x, y=0, lx|>1,
O0<i<l,and x;=2x+ (1 —A1) y¢ B,. Then we have

f min{x,, {(x,)} du
=[x =1<Ax =+ =Dyl -1)

< Af min{x, #(x)} du+(1 —A)f min{ y, #{(y)} du
2 (]
< min{x,, 20 +(1 = 2) ()} du
Q2
Since the function
t—»J min{x,, t} du
2

is nondecreasing, it follows that
Hx )< Ax)Y+(1—A) t(y).

In view of (3.27), this inequality is also true when either x,e B,, or
x, y€ B,. Hence the function x — t(x), x =0, is convex. Clearly, if xe B,
then #(x) <t(y) for all y. Further, suppose that 0 <x<y and |x||>1. If
H{x)>t(y) then one can use (3.2) together with 4(x)< A(y) to get

=] (x—dondu<| (y—dy)du=1.
Alx) A(y)

Therefore, we have #{x) < #(y), whenever 0 < x <y. Since, by {3.26)-(3.27),
we have 1(|x]) = #(x), it follows that

Ax+(1=4) y)=1(|Ax +(1 = 4) y))
SHA X[+ (1= [y <A(x)+ (1= 4) t(y)
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for all x, y € L'(€2, ) and 4 € (0, 1). Thus the function x — #(x) is convex
on LY, u). Moreover, we have #(B,) = {0}. Therefore, in view of
Theorem 1.3 [2, p. 90], the function x — #(x) is continuous on LY, 1),
which completes the proof of the lemma. |

Proof of Theorem 3.3. First we prove continuity of the orthogonal
selection T. For this purpose, note that the formula (3.4) directly yields
T{(|x|) = | Tx|. Hence it is sufficient to prove continuity of 7 only for x > 0.
For this purpose, suppose that x>0 and x, — x in L'(, ). In view of
{3.25), we can assume that |[x} > 1 and |x,| > 1. Then by (3.4) we get

I Tx — T(x,)| sjA( o ) = )
+'[ (x—Hx))du

(2\A(x,)) N A(x)

+[ (1%,] = t(,)) da. (3.28)
(S2\A(X)) " Alxy)

Next, take ¢ such that 0 <e < ¢(x). Since ||x, || = llx|| and #(x,) — #(x), there
exists an integer n, such that

lx, ) <lxl+&  and Hx)—e<tx,)<Hx)+e¢
for every n=zn,. If n2n, then we have
x(s) — Hx) <x(s)—tx,)+e<x(s) —x,(s)+e<|x(s) —x,(5)] +¢,
whenever se(2\A4(x,)) N A(x), and
[x,($)] — 1x,) S|x,(9)] = 1(x) + & < |x,(s)] — x(5) +e < |x(s) —x,(s)] +¢

for all se (2\A(x)) " 4A(x,). Additionally, we have

(e —e) A ) <[ u(x,) du

A{xp)

<[ ol de <) <X +e
A(Xn)

Now, we can insert these three inequalities into (3.28) to get
” Tx— T(xn)H < 3 Hx_ xn” + |t(x) - [(xn)l )U(A(x))

I xll +8}
Hx)—e

+s[,u(A(x))+
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for all n=n,. Since u(A(x)) < oc, we can let ¢ — 0 to finish the proof of
continuity of 7 on L'(£, ).

If x, ye L'(£, u), then one can find sequences x, and y, of u-integrable
simple functions such that x, — x and y, —y in the metric of L'(Q, u).
Moreover, for each n, we can embed x, and y, in a finite dimensional sub-
space of u-integrable simple functions of the form

n

Z “kXAk/ﬂ(Ak); o, €R,
I

k=

where p(A4,)>0 and 4, N A;=¢ for k #/. Since this subspace is isometri-
cally isomorphic with /}, we can use Lemma 3.3 to get

no

2r,—1
1T0e) = T <22 1,

n

By continuity of T, it follows that
ITx =Tyl <2 x—yl,

e, K7 (L8, 1)) <2. On the other hand, the infinite dimensional Banach
space L'(9, u) contains the n-dimensional subspaces /}(4) (n=2,3, ..} of
p-integrable simple functions x of the form

i

X= Z Xp X a /(A L), x.€R,

k=1

where u(A4,)>0 and A,nA;,=¢ for k+#j Hence Lemma 32 yields
K (LY(Q, p))=2.

To show the optimality of 7, let P be a selection of the metric projection
#: LY(£2, i) —» 2%, Moreover, suppose that xe/!(4) is defined by

1 n
X= Y K /i A). (3.29)

Tn—1 P
Then we have
Px(s)=0 (3.30)

almost everywhere on £2\A, where

A= 4,.
k=1
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Indeed, suppose that Px(s) #0 on a measurable subset C of Q\A4 such that
#(C)>0. Since P is a selection of #, we have [|Px|=1 and

lx = Pxl < flx =yl

for all ye B,. Equivalently, in view of the Kolmogorov criterion [ 16], we
have

T.(y) :=f |Px —y| du +f (Px—y)sgn(x— Px)duz=0
V4 Q\Z

for all ye B,, where
Z={sef:x(s)=Px(s)}.

In particular, if y = y,\~Px then | y[| <[[Px||=1 and
t(y)=—| IPxldu<0.
C

This contradiction proves (3.30). Since || Px|| =1, it follows from (3.30) that
z;= 1/n for some j, where z=(z,, .., z,), [z]| =1, and

o =J | Px| du, k=1, ., n
Ak

Define y/e/}(A4) by

l n

z L (Ay)
k=1
k#j

V=
. n—1

and note that

, L
I3/l=1  and  |x—p/f=—". (331)

n—1

Moreover, as in the proof of Lemma 3.2, we show that

l n
Tx= "1 Z XAk/,u(Ak)«

k=1

where x is defined by (3.29). Hence we get

o2
ITx =yl =~ (3.32)
n
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and

1Px—y/I=[ IPxldut 3 | 1Pyl du
Aj i

i#J

| (1Px]=137)) du

A;

;j \Px|du+ Y
A;

PAj

=z;+ 2,

i)

zZ;——

n—1}

Now, we can repeat mutatis mutandis the second part of the proof of
Theorem 3.2 to get

2

I1Px—y/[| 2-.

n

Hence it follows from (3.31) and (3.32) that

IPx—Py/| = |Px—y/|| 2 | Tx — Tyl =

2(n—1) .
lx—p/|l
n

for every selection P of #. Since # can be arbitrarily large, we have
K (LY, 1)) =2, which completes the proof of the optimality of 7.
Finally, by (3.6) we have

T(x)=T(ax+ (1 —a) Tx), x=0,

for every u-integrable simple function x. Since the set of all such functions
is dense in L'(£, ), we can use continuity of T to prove the sunny
property for 7. |

Recall that we have K (L'(£, u))=2 for the radial selection R of the
metric projection #: L'(, ) — 2%. Clearly, R is also sunny. Therefore, it
follows from Theorem 3.3 that Theorem 2.2 is not true for the infinite
dimensional Banach space L'(£, ). Finally, note that the orthogonal
selection T: /' — B, differs from the radial selection R by its finite dimen-
sional behaviour. More precisely, if xe/' and |x||>1, then by (3.4) we
have

Tx = ( TX! PR Tx,,, 0, 0’ )’

where n=max{k:|x,|>1(x)} <oc. However, this is not true for
Rx = x/||x| in general.
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